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Abstract. The Earth rotation vector is an integral dynamical 
quantity of the Earth system, with Earth rotation variations 
depending on the overall dynamics of the Earth system at 
all time scales. New observations of Earth rotation varia- 

tions with a precision better than 10 -ø of the Earth rotation 
would contribute to the understanding of many geophysical 
phenomena. High precision short-term observations of the 
projection of the Earth rotation vector ftE on the area vector 
A of a ring laser are now possible. Tidally induced Sagnac 
effects are due to changes in the ring geometry (areal strain 
and perimeter variations), changes in the normal vector of 
the ring laser plane (tilt), and the vorticity of the Earth's tidal 
deformations. Here we estimate the latitude-dependent ef- 
fect of the Earth's body tide deformations due to vorticity 
and tilt. At mid-latitudes, the vorticity 6ft is of the order 
8 ß 10-sftE, but because it is in the local horizontal plane, 
it is not detectable by a horizontal ring. The Sagnac effect 
due to tidal tilt for a horizontal ring at mid-latitudes is of the 
order of 4.10 -8 of the Earth rotation effect. Thus, the tidal 
signal is of an order of magnitude where it may be used for 
validation of existing and future ring lasers. 

Introduction 

Earth rotation variations are caused by angular momen- 
tum exchange between the solid Earth and other parts of the 
Earth system or other celestial bodies, as well as by changes 
in the moment of inertia associated, for example, With mass 
movements on the surface or inside the solid Earth [see e.g. 
Lainbeck, 1988; Hide andDickey, 1991 ]. Earth rotation vari- 
ations are of paramount interest for understanding the dy- 
namics of the Earth system on time scales ranging from min- 
utes up to million of years. On the time scales directly acces- 
sible by modem measurements, more precise observations 
of polar motion (PM) and length of day (LOD) would con- 
tribute to the understanding of a number of geophysical phe- 
nomena •such as free oscillations of the Earth, the rheology 
of the Earth's mantle, and the Earth's rotational eigenmodes 
[see, e.g., Dehant et al., 1993]. 
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Currently the most precise PM and LOD observations are 
obtained with space-geodetic methods with the most promis- 
ing one in terms of temporal resolution and accuracy being 
Very Long Baseline Interferometry (VLBI). For daily reso- 
lutions, precisions are of the order of 0.5 - 2.5.10 -ø in PM 
and 5- 10 -lø in LOD [Herring and Dong, 1994]. However, 
VLBI is a rather complex method requiting vast resources 
and international cooperation to achieve highest possible ac- 
curacies. The VLBI data processing introduces a time delay 
of five days between observation and PM and LOD availabil- 
ity. Therefore, developing an alternative technique with its 
own advantages and disadvantages and with data being more 
promptly available would be an important step forward. 

Ring lasers are a promising technique, which eventually 
may provide highly accurate determinations of rotation with 
high temporal resolution at a given point. A major problem 
of ring lasers is the drift. In a combination of VLBI and ting 
lasers, VLBI can be used to remove the drift, and this would 
allow to study the Earth rotation spectrum at the up-to-now 
poorly understood hour-to-days periods. 

A locally stationary ring laser senses the Sagnac effect 
[Anderson et al., 1994], i.e. a beat frequency f between 
counterpropagating electromagnetic beams: 

4A.• 

f- ,kP (1) 
where A - A n is the area vector of the ring, P its perime- 
ter, A the wavelength of the light, •t the local angular veloc- 
ity relative to an inertial frame, and n the normal vector of 
the ring laser plane. A precision of the order of 10 -6 has 
been attained for the measurement of the Earth-rotation in- 

duced beat frequency [Stealman et al., 1995]. A better preci- 
sion is expected in a second-generation large ring laser (C-II) 
[Anderson et al., 1994; Bilger et al., 1995] which is now un- 
der test and which will significantly increase the geophysical 
relevance of the ring laser measurements. 

The main limitation for measurements of Earth rotation 

variations by ring lasers will most likely be due to local ef- 
fects. Therefore, it is of interest to study the relation of Earth 
rotation variations and the local rotation observed by a ring 
laser. These effects are of interest not only foc ring lasers 
and all other gyro-based observation techniques, but also for 
the broader field of tidal tilt or gravity measurements, as well 
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as other techniques for Earth rotation measurements. In all 
these applications local site effects gain increasing impor- 
tance. 

Local variations of the Sagnac signal 
Assuming for each of the quantities t, n, A, and P a 

perturbation (e.g., fl - to + 6fl), for a ring laser with A 
not perpendicular to fl•, the relative variation in the beat 
frequency is given to first order by 

6f 6fl. no to ß 6n 6A 6P 
-- = + . (2) 
f ß no ß no Ao Po 

Here we will concentrate on the first two terms of the right 
hand side of ½q. (2), namely the vorticity term dfm and the 
projection term dfn arising from d• and dn, respectively. 
These two terms are independent of specific features of the 
ring laser and its coupling to the Earth's surface. Moreover, 
they are also relevant to all other gyroscope-based Earth ro- 
tation monitoring systems. 

It is convenient to split d• into a global part arising from 
variations in the (global) rotation vector itself and a local 
part due to, for example, rotation of the local surface. Thus, 

6• -- 6•glob ør-6•loc , (3) 
with this separation depending on the reference frame used 
to describe the local effects. We will first consider 6f•1oc in a 
suitable reference frame and then comment on the remaining 
6•glob not accounted for by 

An area As - As ns at the Earth's surface or inside the 
Earth changes due to a deformation field u(r, t) up to first 
order in u as 

6As - (V x u) x As - V x (u x As) ß (4) 
This may be decomposed into an areal variation 

6As - As ns' (V x (ns x u)) (S) 
and the variation of the normal vector 

fins = ns x (ns x V(ns. u)) . (6) 
A ring laser on the Earth's surface rotates according to the 
Earth rotation and local vorticity and changes its normal ac- 
cording to the change in the normal vector of the Earth's 
surface. Thus, for a ring laser with normal no mounted on 
the Earth's surface with the local normal ns we have 

anloc - « VXl•l, all. = iloX (IlsxV(IIs-u)). (7) 
Note that 6A in eq. (2) is equal to 6As given in eq. (5) only 
if the ring laser is perfectly coupled and parallel to the local 
Earth's surface. Even for a perfectly decoupled ring laser 
changes of the gravity field induce changes in A and P, de- 
pending on the elastic properties of the ring laser. 

Deformations of the Earth's surface are caused by exo- 
genic and endogenic processes. Endogenic deformations are 
generally small (of the order of mm/yr with rotations of the 
order of a degree per 106 a) or episodic in time and local in 
space (e.g., earthquakes). Seismic oscillations have periods 

1 The case A J_ f• is not of interest here since if A is nearly perpendic- 
ular to f• then the two counterpropagating beams would be locked to each 
other and there would be no Sagnac effect at all. 

of less than one hour and are not considered here. Exogenic 
deformations result from tidal forces and surface loading and 
traction. On time scales of days to years, the primary exo- 
genic deformations of the Earth's surface are forced by the 
Earth's body tides and tidal and non-tidal (oceanic, hydro- 
logical and atmospheric) loading. Tidal effects dominate at 
the level of > 10 -8 fiE; other geophysical sources of vortic- 
ity are at the level of 10 -8 - 10-9fie [Bilger, 1984]. 

The computation of exogenic deformations of the Earth 
generally are based on the momentum balance of an elas- 
tic or viscoelastic continuum, taking into account the grav- 
itational effects of the deformations [e.g., •lhelm, 1986]. 
For spherically symmetric, non-rotating, elastic, isotropic 
(SNREI) Earth models, the resulting equations of motion 
can be solved separately for spheroidal and toroidal forc- 
ing. These models do not account for the effect of the 
Earth's rotation and the induced ellipticity on the deforma- 
tions; however, these effects are of an order of less than 1 
% [Wang, 1991]. The Earth's tidal potential described in the 
next section is purely spheroidal and for spherically symmet- 
ric models results in purely spheroidal deformations. Sim- 
ilarly, surface loads produce spheroidal deformations, only. 
For Earth body tides, the coupling of spheroidal and toroidal 
solutions for laterally heterogeneous or rotating models are, 
however, small [m 1%, Wang, 1991 ], and can be neglected 
here. Based on Love numbers [see e.g., •lhelm, 1986], the 
computation of 6•loc and 6n is easily carried out and is de- 
scribed below. At coastal locations, typically 90 % of the 
tidal tilt (i.e., 6n) are contributed by ocean tide loading [Far- 
rell, 1972] with this loading effect rapidly decreasing with 
distance to the coast. However, the computation of 6•1oc 
for ocean tidal loading is more complex due to the necessary 
convolution of a Green's function with an ocean tidal model 

and will be discussed elsewhere. 

Tidal deformations 

At an arbitrary position r and epoch t the Earth is sub- 
jected to astronomical tidal accelerations a(r, t) which are 
de•aed as the difference of extra-terrestrial gravitational ac- 
celerations ae• (r, t) and the Earth's uniform orbital acceler- 
ation act (ro, t) 

a(r, t) - a•t (r, t) - a•t (ro, t) (8) 
where ro denotes the position of the geocentre. The tidal 
acceleration is expressed as the gradient of a scalar po- 
temial, the so-called tide generating potential (TGP) • = 
•b(r, t), with •b(ro, t) = 0. A typical representation 
of the TGP utilizes the harmonic development [see e.g., 
Hartmann and •enzel, 1994] which gives a finite set of 
partial tides of harmonic degrees n _> 2 and orders m 
(0 < m < n). m indicates the tidal band (0: long-period, 
1' diurnal, 2' semi-diurnal, etc.), with each band having a 
large number of partial tides with slightly different frequen- 
cies. Although the physical TGP is real-valued, it is conve- 
nient to use a complex form 4(r, t) - •,• •,• (r, t) (with 
-n < m < n), where the k-th partial tide of the (n, m)-group 
is given by 

4•,•(r,t) = DC•,•(•) Y•,•(O,A)e •(•"t-a•"•) . (9) 
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Here the position r is given in geocentric spherical coordi- 
nates (radius r, colatim& •, and longitude A), D is the Dom 
dson constant [see e.g., Ducarme, 1989], Rr the radius of 
reference of the TGP model, C.m, the amplitude, W.m, the 
circular frequency, •.m, the phase, and Y.• the spherical 
ha•onics. 

The response u(r, t) - •.•, u.•, (r, t) of an S•I 
•h model with radin• R• to nerindic forcin• by par- 
tial tides may be expressed by •e d•ensionless, radius- 
dependent Love-Shida numbers h• (r) for radial and g• (r) 
for horizontal displacements 2 [•lhelm, 1986] with 

1 [h•(r)e•+g•(r)Vo] O• (Re O,X,t)(10) U•m•(r,t) -- • • , 
where g is the gravitational acceleration at the Ea•h's sur- 
face, er the radial unit vector, and Vo the spherical nabla 
operator, % - r [V -er(er' V)]. Hence 

V x U•m• (r, t) 2 g• -- h• = erXVoO•m•(Re, O,X,t) 
r=R• g Re (11) 

where we have used the fact that the surface of the EaCh re- 
mains free of horizontal s•ess for defo•ations due to body 
tide or s•face loading, which leads to 

den e•(Re) -- hn(Re) 
= . (12) 

dr •=n• R• 
As a result, the vo•iciW and the v•iation of the nodal as 
given in Eq. (7) have the fo• 

I •-h• 

6•oc = -•t•erXVoO. (13) g R• mk, 

a - E g nmk 
ß vo)]) ß (14) 

It should be noted that as a consequence of the spheroidal 
forcing 5•loc is pe•endicular to e•, therefore, a horizontal 
ring laser will not sense this signal. On the other hand, 5n 
is pe•endicular to no and a ring laser with a nodal not 
aligned wi• • will be sensitive to tilting. 

Sagnac contribution from vorticity 

Since 5flloc is perpendicular to er, the vorticity contribu- 
tion 6fo to the Sagnac frequency vanishes for a horizontal 
ring laser with no = er. Currently, large ring lasers are 
confined to horizontal mounts in order to avoid serious tech- 

nical problems expected for tilted ring lasers. Nevertheless, 
an equatorial mount, i.e. no = (l/r)r, has already been 
under discussion in order to maximize the Sagnac signal. 

To demonstrate the effect of vorticity, we have chosen a 
locally vertical mount with no = ns = eo (for example, a 
vertical ring laser fixed to a vertical wall of a cavity with the 
normal pointing south). For a ring laser with no = (1/f•) r, 
the effect would simply be diminished by a factor of sinO 
compared to our example. Fig. I gives 6f•/f for a vertical 

2 Due to inertial forces, these numbers actually are frequency dependent, 
however, at tidal frequencies this dependency may be neglected. 
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Figure 1. Tidally induced Sagnac effects in a vertical laser 
at Christchurch, New Zealand from 1 January, 1997 on- 
wards. The diagrams are (from bottom to top): 6frt/f for 
main semi-diurnal constituents, 6frt/f for main diurnal con- 
stimems, sum of 6frt/f for main semi-diurnal and diurnal 
constituents, sum of 6frt/f and 6fn/f. For an explicit plot 
of 6fn/f see Fig. 2. 

ring laser at Christchurch, New Zealand, where the (hori- 
zontal) ring laser C-I is located [Stedman et al., 1995]. For 
the strongest semi-diurnal tides M2, N2, $2 (with m = 2) 
and diurnal tides K1, K1M, 01, P1 (m = 1), at this location 
6fn/f is of the order of 8- 10 -8 and 4- 10 -ø, respectively. 
For the zonal tides with m = 0, 6ft•oc has only an east-west 
component, and our choice of a ring laser does not sense 
these tides. 

Sagnac contribution from tilt 

The projection term 5fn is proportional to 5n given in 
Eq. (14). For ring lasers with normals aligned with the coor- 
dinate vectors, 6n is given by 

5nr -- 1.•m•œ'-h' -- • Re VOOnmk (15) 

6no = Xn•mkIœ"-h" 0 im• g R• e• • + R• sin • ex 

• - cot 0 0-m* (16) 

5n• -- l••[g.-h. im img. g R• sin • e• + R• sin• eo 

(•- cot•)] •nmk (17) 
where the index of 5n indicates the coordinate direction of 

no as well as ns. 
For a horizontal laser (no = ns = e•) at Christchurch, 

the projection term is of the order of 4- 10 -8 and 4.10 -9 for the semi-diurnal and diurnal tides, respectively (Fig. 2). 

The projection term due to the zonal tides (m = 0) is of 
the order of 6 ß 10 -9, as is illustrated by the largest zonal 
constituent, the formightly tide Mf. For a vertical laser with 
no = ns = eo, the projection term is nearly identical to the 



896 RAUTENBERG ET AL.' TIDALLY INDUCED SAGNAC SIGNAL 

SUM 

IOl+Pl+K1M+K1 

o [ N2+M2+S2 

o 60 •.•.o •80 •.4o 300 360 

time h 

Figure 2. Same as Fig. 1 but for a horizontal laser. The 
diagrams are (from bottom to top): 6fn/f for main semi- 
diurnal constituents, 6fn/f for main diurnal constituents, 
6f,/f for the main long-period constituent, sum of 6f,/f 
for the main semi-diurnal, diurnal and long-period con- 
stituents. 

horizontal laser except for a change in sign. In the case of 
no I[ fl, the projection term vanishes independent of ns. 

Consequences for the detection of tidally 
induced effect 

The detectability only of the projection term shows that 
a horizontal ring laser acts as a tiltmeter. Particularly for 
tilting, the Earth's response to tidal forcing may locally be 
strongly modified compared to the response of the SNREI 
Earth model used here, with these modifications primarily 
being due to lateral heterogeneities and the local stress field. 
Moreover, signals arising from meteorological, oceanic and 
hydrological loading may exceed the Earth tidal signal by 
an order of magnitude. Nevertheless, we may expect the C- 
II ring laser horizontally mounted in a cave 30 m under the 
surface at Christchurch, New Zealand, and the proposed "G" 
[Grossring, see Anderson et al., 1994] to give a tidal signal 
of approximately the form and order of those displayed in 
Fig. 2 albeit with some cavity effects superimposed, typi- 
cally a few tens of percent [Harrison, 1978]. 

A ring laser mounted vertically with its area vector A par- 
allel to eo would detect the vorticity signal given in Fig. 1 
with maximal sensitivity, and it would also be sensitive to 
the projection term. A tilted ring laser with no I[ ft would 
be insensitive to the projection term, and hence to the associ- 
ated cavity effects. This would be the cleanest configuration 
for detecting the tidal vorticity effect. 

Due to the model and reference frame used, 6ft•oc as 
given here does not contribute to the variation of the global 
rotation vector ft, i.e., the global average of 6ft•oc vanishes. 
At diurnal and semidiurnal frequencies, tides are the domi- 
nant signal, and the tidally induced global PM and LOD sig- 
nals are of the order of 10 -8 and 10 -9 respectively. These 
signals can be modelled theoretically with high precision 
[see e.g. Lainbeck, 1988]. The residual tidal signals are of 

the order of 10 % of the total signals, and they are thought 
to result mainly from imperfections of the ocean tide and 
Earth models [Herring and Dong, 1994]. Therefore, •"•glob 
can be modelled with uncertainties being at least an order 
of magnitude smaller than the local tidal signal. Thus, the 
tidally induced Sagnac effects both due to tilt and vorticity 
may prove to be key effects in the validation of the ring laser 
as a technique for Earth rotation monitoring. 
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